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DISJOINTNESS AND ORDER PROJECTIONS IN THE 
VECTOR LATTICES OF ABSTRACT URYSON 
OPERATORS 

M. A. PLIEV AND M. R. WEBER 


Abstract. Projections onto several special subsets in the Dedekind 
complete vector lattice of orthogonally additive, order bounded (called 
abstract Uryson) operators between two vector lattices E and F are 
considered and some new formulas are provided. 


1. Introduction 

The study of nonlinear maps between vector lattices is a growing area and 
a subject of intensive investigations [4, 5, 20], where the background has to be 
found in the nonlinear integral operators, see e.g. [8]. The interesting class 
U(E, F ) of nonlinear, order bounded, orthogonally additive operators, the so 
called abstract Uryson operators from a vector lattice E into a vector lattice 
F was introduced and studied in 1990 by Mazon and Segura de Leon [13, 14], 
and then considered to be defined on lattice-normed spaces by Kusraev and 
Pliev in [11, 12, 16]. If F is Dedekind complete then U(E,F) turns out to 
be a Dedekind vector lattice and, so the band or order projections are of 
great interest as a tool for further investigation. 

In this paper some new formulas for projections in U(E,F ) are obtained 
which are of interest on their own. In a forthcoming paper these formulas 
play an important role in the investigation of finite elements in U(E, F). * 1 

2. Preliminaries 

The goal of this section is to introduce some basic definitions and facts. 
General information on vector lattices the reader can find in the books [2, 
9, 21, 22], 

Recall that an element z in a vector lattice E is said to be a component 
or a fragment of x if zF(x — z). The notations x = y U z and z C x mean 
that x = y + z with yFz and that z is a fragment of x. respectively. The set 
of all fragments of the element x £ E is denoted by T x . Let be x € E. A 
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collection (p^)^£S of elements in E is called a partition of x if |p^| A \p v \ = 0, 
whenever f p and x = Pi- 

Definition 2.1. Let E be a vector lattice and let X be a real vector space. 
An operator T: E —> X is called orthogonally additive if T(x + y) = T(x) + 
T(y) whenever x,y G E are disjoint elements, i.e. |x| A \y\ = 0. 

It follows from the definition that T(0) = 0. It is immediate that the set 
of all orthogonally additive operators is a real vector space with respect to 
the natural linear operations. 

So, the orthogonal additivity of an operator T will be expressed as 
T(xUy) = T(x)+T(y). 

Definition 2.2. Let E and F be vector lattices. An orthogonally additive 
operator T : E — > F is called: 

• positive if Tx > 0 holds in F for all x G E, 

• order bounded if T maps order bounded sets in E to order bounded 
sets in F. 

An orthogonally additive order bounded operator T : E —> F is called an 
abstract Uryson operator. 

The set of all abstract Uryson operators from E to F we denote by 
U(E,F). If F = M then an element / G U(E,M) is called an abstract 
Uryson functional. 

A positive linear order bounded operator A: E —> F defines a positive 
abstract Uryson operator by means of T{x) = A(|x|) for each iGE 

We will consider an important example. The most famous examples are 
the nonlinear integral Uryson operators which are well known and thor¬ 
oughly studied e.g. in [8], chapt.5. 

Let (A,E,p) and (B,E,v) be cr-finite complete measure spaces, and let 
(A x B,p x u) denote the completion of their product measure space. Let 
A":AxBxl-iR be a function satisfying the following conditions 2 : 

(Co) K(s,t, 0) = 0 for p x z/-almost all ( s,t ) G A x B\ 

(Ci) K(-, -,r) is p x ^-measurable for all r G R; 

(C 2 ) K(s,t, •) is continuous on M for p x z/-almost all (s,t) G Ax B. 

Denote by Lo(A,E,/i) or, shortly by Lo(m), the ordered space of all p- 
measurable and ^-almost everywhere finite functions on A with the order 
f < g defined as f(s) < g(s) ^-almost everywhere on A. Then Lq(p) is 
a vector lattice. Analogously the space Lq(B,E,i'), or shortly Lo(z'), is 
defined. 

Example 2.3. Given f G Lq(A,Y,, p) the function \K(s, /(-))| is p-mea- 
surable for v-almost all s G B and hf(s ) := f A \K(s,t, f(t))\dp(t) is a well 


2 (Ci) and (C 2 ) are called the Caratheodory conditions. 
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defined is-measurable function. Since the function hf can be infinite on a set 
of positive measure, we define 

Dom A (K ) := {/ € L 0 (p ): hf G L 0 (is)}. 

Define an operator T : Dom A (K ) —> Lq(v) by setting 

(2.1) (Tf)(s):= [ K(s,t,f(t))dp(t) u-a.e. 

J A 

Let E and F be order ideals in Lfiy) and Lq{v), respectively and K a func¬ 
tion satisfying the conditions (Co) -(C 2 ). Then (2.1) defines an orthogonally 
additive, in general, not order bounded integral operator acting from E to F 
if E C Dom A (K ) and T(E) C F. The operator T is called Uryson (integral) 
operator. 

For more examples of abstract Uryson operators see [20]. 

In U(E, F ) the order is introduced as follows: S < T whenever T — S' is 
a positive operator. Then U(E,F) becomes an ordered vector space. If the 
vector lattice F is Dedekind complete then U(E, F) is a Dedekind complete 
vector lattice and the following generalizations of the well known Riesz- 
Kantorovich formulas for linear regular operators hold (see [2], Theorems 
1.13 and 1.16). 

Theorem 2.4 ([13], Theorem 3.2.). Let E and F be vector lattices with 
F Dedekind complete. Then U{E, F) is a Dedekind complete vector lattice. 
Moreover, for each S,T G U(E,F) and x G E the following conditions hold 

(1) (T V S)(x) = sup {T(y) + S(z) : x = y U z}. 

(2) (T A S)(x) = inf{T(j/) + S(z) : x = y U z}. 

(3) T + (x ) = sup {Ty : y C x}. 

(4) T~{x) = — inf{Ty : y C x}. 

(5) |T| (x) = (T + V T~ ) (x) = sup {T(y) — T(z) : x = y U z} 

(6) |T(x)| < |T|(x). 

3. Disjoint vectors and order projections in U{E,F) 

Order projections are an important tool in the study of vector lattices. 
There are some interesting results concerning order projections in the spaces 
of linear, bilinear and orthogonally additive operators in vector lattices [3, 6, 
7, 15, 16, 18, 19]. The peculiarities of the elements in the Dedekind complete 
vector lattice of abstract Uryson operators originate further new projection 
formulas, which encourage, in particular, the study of finite elements ([21]) 
in such vector lattices. Recall first some basic notions. Each band K in a 
Dedekind complete vector lattice F generates an order (or band) projection 
p K '■ F -f K defined for / G F by px(f) = fi if / = fi + f 2 with f x G K and 
fi G it ■*■, where fi and fi are called the projections of the element / onto 
the bands K and it'- 1 , respectively. Denote by pf the band projection onto 
the principle band {/j^ and by p^f the corresponding band projection onto 
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{/} _L in F. It is clear that p^ = pp. The following formulas for calculation 
of the projections (of an element 0 < g G F) onto a band K and onto a 
principle band are well known and used several times: 

Pi<{g) = sup{y G K : 0 < y < g} and p f (g) = sup{g A (n/)}. 

n€N 

The set of all band projections (shortly, projectors) in F is denoted by ty(F). 
Under the order p' < p" iff p' o p" = p' and the Boolean operations 

p'/\p" = p'op", p '\j p " = p' + p "- p 'op\ p*=I F -p , 

where p, p',p" G fp (F) and Ip is the identity operator on F. the set fp(F) 
turns out to be a Boolean algebra, i.e. a distributive complemented lattice 
with zero 0 and unity Ip (see [9], sect. 1.3.5). It is clear that pop' = p'op and 
p o p = p for any p, p' G fp(T’). The following relations among projections 
onto principal bands will be frequently used later on: 

Pf A Pg = Pf/\gi Pf°pj = °> Pg9 = 9i PfU A S') = f Ag, p f (v) + pjv = v. 
As a representative sample we show the first of them. Take v G F. Then 

(.Pf A Pg) v = (Pf ° Pg) v = Pf(Pg v ) = Pf{ SU P{^ A n P}) 

n€ N 

= sup { sup{u A ng} A m/}} = sup sup{u A inf {to, n}g A /} 

m£l n€N m n 

= sup{v A k(f A g)} = Pf^ g {v). 
km 

A partition of unity is a family of projectors (p^)^ e = C fp(F) such that 
Pi A Pg = 0 f° r C 7^ V an d sup Pi = I F . 

For proving the subsequent theorem we need the following auxiliary propo¬ 
sition, which was proven by the nonstandard methods. 

Proposition 3.1 ([10], Proposition 5.2.7.2). Let F be a Dedekind complete 
vector lattice with a weak order unit9 u and (xa)agA be an order bounded 
net in F. Then the net (xa)agA order converges to an element x G F if and 
only if for every e > 0 there exists a partition of unity (pa)asA such that 

P\\x/3 — x\ < su, P > A. 

Theorem 3.2. Let E,F be vector lattices, F be Dedekind complete and let 
A be the set of all weak order units in F. If the operators T,S G U + (E,F) 
are disjoint, then for every x G E, u G A and e > 0 there exists a partition 
of unity (7r a )„ e A inty(F) and a family (x a ) ae A of fragments ofx, such that 

TT a (Tx a + S(x — x Q )) < eu for all a G A. 


'^An element u £ F+ is a weak order unit if {it} xx = F, i.e. except 0 there are no 
elements in F which are disjoint to u. 
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Proof. Take x £ E. Denote the set of all pairs a = (y , z) £ T x x T x of 

mutually disjoint fragments of x , such that y + z = x, by A. For any a = 

(y,x — y) £ A put f a = Ty+S{x — y). Due to formula (2) of Theorem 2.4 the 

disjointness of the operators S and T implies inf {f a } = 0. Denote by H the 

«gA 

collection of all finite subsets of A ordered as usual by inclusion, i.e. £ < £' 
iff £ C £h Introduce the set (r/^gs of all infima of finite many elements of 
the set {f a : a £ A}, i.e. if £ £ E is the finite set £ = {a^,..., a^ n }, where 
a£ k £ A for k = 1,..., n, then 

n 

% = A /«€i 
2=1 


The set (y^gs is downwards directed and o-limy^ = 0. By Proposition 3.1, 

for every e > 0 and u £ A there exists a partition of unity (p^gs in ^(F) 
such that 

Pt(y{) < eu for all £ £ H. 

In particular, p^(f a ) < eu if £ = a. 

Identify now F with a vector sublattice of the Dedekind complete vec¬ 
tor lattice Coo(Q) of all extended real valued continuous functions on some 
extremally disconnected compact space Q (more exactly with its image un¬ 
der some vector lattice isomorphism), where the choosen weak order unit 
u is mapped onto the constant function 1 on Q (see [1], Theorem 3.35). 
Then the order projections (p^gs (of the above partition of unity) are the 
multiplication operators in the space C oa (Q) generated by the characteristic 
functions 1 q ? , respectively, where Q% for all £ £ E are closed-open subsets 
of Q such that Q = (J Qe, and Q £ D Qg = 0 for every £, £' £ E, £ / £'. The 

supremum supp^ is the identity operator Ip. 

■fes 

For £ £ S and a £ A define the set 

Ai = {t £Qt=: f a (t) < fp(t), (3 £ £, (3 / a} 


and denote by Aa its closure in Q g and, consequently in Q. So Aa are closed- 
open subsets of Q for every £ £ S and a £ A and, mutually disjoint if at 
least one index is different a ^ a' or £ / £'. Denote by p£ the multiplication 
operator generated by the characteristic function 1 —, i.e. p| (/) = / • 1 — 


for any function / £ Coo(Q). It is clear that p£ is an order projection in 

Coo(Q) and Aa C Q £ implies p£ < p^. Hence p£(/ a ) < eu for every a £ A 
and every £ £ S. By what has been mentioned above the order projections 
Pa are mutually disjoint, whenever a / of or £ / £'. Therefore, the order 
projections 7 r Q = sup pa and TT a ' = sup p£, are mutually disjoint as well. We 






show that the supremum of all 7r a is the identity operator. By assuming the 
contrary there is an order projection 7 which is disjoint to each projection 
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7 T a what causes its disjointness to each p% and finally, 7 is disjoint to each p%. 
This contradicts the fact that (p^)^e is a partition of unity. Thus (ir a ) a £A 
is a partition of unity and 

7 t q (T x a + S(x — x a )) < eu for every a £ A. 


Similar to the linear case (see [9], sect.3.1.5) we characterize next the 
disjointness of two positive abstract Uryson operators. 

Theorem 3.3. Let E , F be vector lattices, with F Dedekind complete. Two 
operators S,T £ U + (E,F) are disjoint if and only if for arbitrary x £ E 
and £ > 0 there exist a partition (p a )a£A of unity in *}J( F) and a family 
(x a ) a £A C F x such that the inequalities 

(3.1) p a Tx a < eTx and p a S(x — x a ) < eSx 
hold for all a £ A. 

Proof. Let SAT = 0. For an arbitrary x £ E consider in F the element 
u = Sx A Tx + PsxATxi^x + Tx). We may write 

Sx + Tx = Sx A Tx + Sx V Tx, 

Sx V Tx = V 1 + V 2 , 

for V] = psxATx(S x V Tx), V 2 = PsxATx(^ x V Tx) and v\Ev 2 - Notice that 
v\ £ (Sx A Tx ) J " L . If w £ F is an element such that wEu then 

W-L(Sx ATx) and W-Lpij xATx (Sx + Tx). 

The first relation implies w;_L(Sx A Tx)" LL and therefore, wEv\. Due to 
Sx V Tx = psxATx(Sx V Tx) + PsxaTx( Sx V Tx) the second relation implies 
wEpg xATx (Sx VTx), i.e. wEv 2 - So we have wE(v\ + V 2 ) what together with 
ivJ-(Sx A Tx )- L± implies rc_L(Sx + Tx). Hence it is shown that Sx + Tx £ 
{m}- 1 " 1 - and u is a weak order unit in {Sx + TxjAA We claim that 

(3.2) PSxU < Sx and pTxU < Tx. 

For that we establish first the two auxiliary relations 

(a) PSx o PsxaTx Tx = 0 and ( & ) PSx o Ps x a Tx (Sx + Tx) = pj xATx Sx. 
For (a) consider 

PSx 0 PSxATxTx = PSxATx 0 PSx.Tx 

= PSxATx 0 PSx 0 PTxTx = PsxATx ° PSxATxTx = 0. 
Then (6) follows immediately as 

PSx ° PSxATx( Sx + Tx ) 

= PSx ° PSxATxSx + PSx ° PSxATx Tx 

= PSxATx ° PSxSx + PSx ° PSxATxTx = PSxATx^X + PSx ° PSxATx^X 
PsxATxS x. 
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Now (3.2) can be shown as follows: 

PSxU = psx{Sx ATx + ps xATx (Sx + T x )) 

= pSx(Sx A Tx) + p Sx ° PSxATx( Sx + Tx ) 

= PSxATx(Sx A Tx) + PSxATx^ x 
< PSxATxSx + Ps X AT X Sx = Sx. 

The same argument is valid for pt x u ■ By the disjointness of T and S and 
in view of Theorem 4 3.2, for any e > 0, there is a partition of unity (p a )a&A 
in ty{F) and a family of fragments (x a ) ae A of the element x, such that 

p a {Tx a + S(x — x a )) < eu for all a £ A. 

Consequently, for any a £ A one has 

p a Tx a = pTx ° PaTx a < pTx £u < eTx' and 
p a S(x - x a ) = PSx ° PaS(x - x a ) < p Sx eu < eSx. 

Let us prove the converse assertion. Take again an arbitrary element x £ E. 
According to Theorem 2.4(2) we must prove that 

(T A S)x = inf{Ty + Sz: x = y U z} = 0. 

By the assumption, for every £ > 0 there is a partition of unity (p a )aeA in 
ty(F) and a family (x a )„ e A C F x with the properties (3.1). So we have 

(T A S)x = inf {Ty + Sz: x = y U (a; — y)} 
y&Fx 

< inf {Tx a + S(x — x a )} 
a£ A 

= sup p a ( inf {Tx a + S(x — x Q )}) 

q-gA «GA 

= sup Pa(Tx a + S(x — x Q )) < e(Tx + Sx). 
a€ A 

Hence (T A S)x = 0. ■ 

For each set A C U(E , F) we denote by txa the projector in U(E, F) onto 
the band A 4 - 1 * and put tx\ = {txa)~ l (the projection onto A L ). 

A set A C U + {E,F) is called increasing or upwards directed if for arbi¬ 
trary S,T £ A there exists a V £ A such that S. T <V. The next formulas 
show, in particular, how to calculate the projection onto a band which is 
generated by an increasing set. 


4 A weak order unit we need for applying this theorem is u + v, where u, as was 
already mentioned, is a weak order unit in (ST + Tx} xx and v is some weak order unit 
in {Sx + Tx} ± . 
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Theorem 3.4. Let E, F be vector lattices with F Dedekind complete, A C 
IA+{E,F) be an increasing set. Then the following equations hold for arbi¬ 
trary T £ U + (E , F) and x £ E 

(3.3) (7 taT){x) = sup inf {pTy + p ± Tx: pS(x — y) < eSx}, 

e>0 y£X x 
Se A PCV(F) 

(3.4) (7t^;T)(.t) = inf sup { pTy : pSy < eSx}. 

seA pey(F) 

Proof. Both formulas are proved by a similar argument. So, only the second 
one will be proved. Denote for some x £ E the right-hand side of (3.4) 
by t?(T)(x). It is clear that the map d(T) : E —> F is order bounded and 
positive. If x = x\ + X 2 , .ti_L.T 2 , then every fragment of y £ E x has a 
representation y = y\ + y 2 , where yt £ F Xi and i = 1,2. Therefore i?(T) is 
an orthogonally additive operator. For T £ U + (E,F) put n(T) = T — 'd(T) 
and prove k(T) = 774 T. Since for any y £ F x and p £ *}3( F) 

Tx = pTy + p L Ty + T(x — y) implies Tx — pTy = p L Tx + pT(x — y) 

one has 

k(T)(x) = Tx-d{T)(x) 

= sup inf {Tx — pTy: pSy < eSx} 

£ > 0 

seA p&P(f) 

= sup inf {p^Tx + pT(x — y): pSy < eSat}, 

e>o yeTx 
SeA peW(F) 

what may be written as 

k(T)(x) = sup inf {p^Tx + pTy. pS(x — y) < eSx}. 

e>o y£F x 
SeA peV^F) 

The order ideal, generated by A is order dense in A _L ^. Therefore a net of 
operators (T 7 ) 7< =r C U + {E,F) exists which belongs to the ideal generated 
by A such that 

n( 7) 

T 7 = ^2 where Si £ A , 77.(7) € N, 7 £ T, A* € M+ 

i= 1 

and Ty | 774 T ([2], Theorems 3.3 and 3.4). Using the fact that A is an 
increasing set one has 

(T 7 ) 7er C 1J [ 0 , nS]. 

seA 
ne N 

Fix 70 £ T. Then T 7o < uSq for some So £ A and n £ N. For arbitrary 
e > 0 there exist p £ fp(F) and y £ T x such 5 that pSo(x — y) < eSqx. Hence 

5 For example, y = x and arbitrary p £ tp(F). 
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for those y and p, and due to T 70 < 7 taT < T, one gets 

T 70 x < pT 10 {x - y) + pTy + p^Tx 

< pnSo(x — y) + pTy + p ± Tx < enSox + pTy + p^Tx. 

So by passing first to the infimum (with respect to y G F x and p G ty(F)) 
and subsequently, to the supremum (with respect to e > 0 and S G A) on 
the right-hand side 6 of the last inequalities one obtains 

T 7o x < enSox + inf {pTy 4- p^Tx: pSo(x — y) < sSqx} 
yex x 
PSV(F) 

< euSqx + sup inf {pTy + p ± Tx: pS(x — y) < eSx} 

£>0 

seA pe¥(F) 

< enSox + k(T)(x). 

Since e is arbitrary thus T 7o x < k(T)(x) is proved. Consequently sup 7er T 7 x < 
k(T)(x ) and 

( 7 taT)x = supT 7 x < k(T)(x) implies t?(T)(x) < (ir^T)x. 

7GT 

Since x G E is arbitrary one has 'd(T) < 7 n^T. 

The converse inequality is proved as follows. For arbitrary T G U+(E, F) 
the following holds 

\T) < 0(T) = <?(tt \T) + i?(tt A T). 

On the other hand, by what has been proved, one has 

= 0 . 

Therefore t?(T) = i?(t t\T) and kT = T — AT = 7 t a T + 7 r^T - i?(t t\T). 
Followingly, in order to conclude k(T) = 7 r^T it remains to show that 
79(71 \T) = tt a T. So, let be C = 1 t a T and S G A. Then C > 0 and 
C A S = 0. If one shows n(C) = 0, then k(tt a T) = 71^4 T — implies 

7T A T = ^A T )- 

By Theorem 3.3 for any e > 0 and rGii there exist a partition of unity 
(pa)aeA in S V(F) and a family (x Q ) ag A C F x such that 

p a Cx a < eCx and p Q S(x — x a ) < eSx. 

Then' one has 

eCx > p a Cx a = Pa(PaCx a + PaCx) 

> p a inf {pCy + p^Cx: pS(x — y) < eSx}, 

y&F x 

pey(.F) 


6 in both cases without touching the term enSox. 

1 I 

by using the relations p o p = p and pop =0. 
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what implies 

eCx > sup p a inf {pCy + p^Cx: pS{x — y) < eSx} 

n/G/S. 

= inf {pCy + p^Cx: pS(x — y) < eSx}. 

y£F x 

P ey(F) 

Observe that the left-hand side of the inequality does not depend on S and 
observe that the expression on the right-haand side increases if e decreases. 
For fixed eo > 0 one has then 

EqCx > inf {pCy + p^Cx: pS(x — y) < £qSx} 

yGT x 

P ey(F) 

and for 0 < s' < £q 

£ 0 Cx > e Cx > inf {pCy + p ± Cx: pS(x — y) < e'Sx} 

yex x 

P eq3(F) 


> inf {pCy + p ± Cx: pS(x — y) < £qSx}. 

P eq3(F) 


It follows 


£qCx > sup inf {pCy + p^Cx: pS(x — y) < e'Sx} 

e’>0 ye:Fx 
seA 

and so, £qCx > k(C) for arbitrary eo > 0 - This means k(C) = 0 . ■ 

For the projections onto the principal bands in Uj r {E^F) the following 
formulas are obtained as special cases from (3.3) and (3.4). 

Corollary 3.5. Let E,F be the same as in the Theorem 3-4■ Then for 
arbitrary S,T G U + (E , F) and x € E the following formulas 8 hold 

(nsT)x = sup inf {pTy + p^Tx : pS(x — y) < eSx} 

e>o yeT:x 

£ ^ u pey(F) 

(irgT)x = inf sup {pTy: pSy < eSx}. 

£>0 y(i Tx 
peqJ(F) 

Another formula for (7 TgT)x is obtained as follows. First, notice that the 
equality Ps x (( 7r sT)x) = Pg x (Tx ) holds. Indeed, p$ x belongs to *$(F) and 
Ps x S( x — 0 ) < eSx for every e > 0 . Therefore 

PSx(FsT)x = sup inf {pg x (pTy + p^Tx) : pS(x-y) < eSz} 

£>0 pllfe) 

(for y = 0 and p = pj x ) < SU P {pfe x O {pfe x (T0) + Ps x ( Tx )) : Ps x S(x) < eSx} 
£>0 

= PSx 0 (PSx( T0 ) + PSx ( Tx )) = PSx ° PSxfTx ) = 0 , 


®For S € U+(E,F ) the projections onto the bands and (5'} x are denoted by 

ns and nf, respectively. 
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i.e. Psx^sT)x = 0. Second, for every element p'(Ty ) with p' G ^p(F) and 
y G J- x one has 

(,PSx ° p')Ty = (psx A p')Ty = p(Ty), 
where p G [0, psx\- Then, in particular, 

(3.5) {ttsT)x = (pj x + p Sx )(^T)x 

= Psx(Tx) + inf sup {p(Ty): p(Sy) < eS*}. 

£>0 y(i T X 

pe[o,p Sa! ] 

Let E,F be vector lattices. Fix ip G U(E,M.) and u G F. The one-di¬ 
mensional (rank-one) abstract Uryson operator <p (g) u: E —> F is defined 
as (ip <S> u)x = ip(x)u. The projections onto the band {ip (g> and onto 

its orthogonal complement are special cases of Corollary 3.5 and can be 
calculated as follows. 

Proposition 3.6. Let E, F be the same as in the Theorem 3-4- Let <p<g>u be 
a positive abstract rank-one Uryson operator, where <p G U + (E, R), u G F + 
and T G U + (E, F). Then for x G E the following formidas hold 

(3.6) {tt<p® u T)x = sup inf { p u {Ty ): <p(x - y) < ep>(x)} 

£>o v^-Fx 

(3-7) (n^ m T)x = Pu(Tx) + inf sup { p u {Ty): tp(y) < £(p(x)}. 

£>u yGT x 

Proof. It is sufficient to prove only formula (3.7). For p G [0, p u \ the expres¬ 
sion on the right side of (3.5) is p(y)pu < £(p(x)u. Due to 

sup tp(y)pu = (p(y)puii = p(y)u 

0< P <Pu 

the last inequality is equivalent to tp(y) < eip(x). Observe that for x G E 

with tp{x) > 0 one has p^® u ) x (y) = sup{y /\ntp(x)u} = p u {y) for any y G F, 

n€ N 

i-e. P( v ® u )x = Pu■ Therefore, 

p ((tp (8> u)y) = <p(y)pu < £ip{x)u = £(<p <8) u)x, 

i.e. (if for y G F x the element x is taken) p((ip <S> u)x) < £{p> <S> u)x. Thus 
the supremum on the right side of the formula (3.5) is attained at p = p u . 
Now the conclusion is exactly the formula (3.7) ■ 

Corollary 3.7. Let E be a vector lattice and T, ip G U(E,M). Then the 
following formula holds 

(3.8) (7i>T)x = sup inf {Ty: ip(x - y) < £<p{x)}. 

£>o 

This immediately follows from (3.6) if <p is written as tp <8> 1. 
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